**•  s*  »o#j!!«pr*K  **  -^=w*.  - iwr:*»«(W|gs  -  s; 


S.  Machida  and  A.  J.  Durelli 


Reproduced  by 

NATIONAL  TECHNICAL 
INFORMATION  SERVICE 

Springfield,  V*.  22151 


Institute  of  Ocean  Science  and  Engineering 
School  of  Engineering  and  Architecture 
The  Catholic  University  of  America 


Washington,  D.C.  20017 


RESPONSE  OF  A  STRAND  TO  AXIAL  AND 
TORSIONAL  DISPLACEMENTS 


UNCLASSIFIED 


DOCUMENT  CONTROL  DATA  •  R  &  D  1 

(S  curlty  eta*  elHeation  ol  title,  body  ot  abatract  and  indexing  annotation  rnuat  be  antarad  whan  the  overall  raport  la  cUaait/ed)  | 

ORIGINATING  activity  ( Corporate  author) 

la.  REPORT  SECURITY  CLASSIFICATION  f 

The  Institute  of  Ocean  Science  and  Engineering 

UNCLASSIFIED 

The  Catholic  University  of  America 

lb.  GROUP 

Washington,  D.C.  20017 

REPORT  TITLE 


Response  of  a  Strand  to  Axial  and  Torsioaal  Displacements 

_ _ _ 

4.  descriptive  NOTES  (Type  ol  report  end  inclueivn  dele 

Institute  of  Ocean  Sciences  and  Ei 


i  authORISI  (FIril  name,  middle  Initial,  leet  name) 

S.  Machida  and  A.  J.  Durelli 


.  REPORT  DATE 

January  1972 


SA.  CONTRACT  OR  GRANT  NO 

N00014-68-A-0506-0001 

b.  PROJEC  T  NO. 


70.  TOTAL  NO.  OF  PAGES  76.  NO.  OF  REFS 


•a.  ORIGINATOR'S  REPORT  NUMBERISI 


Report  72-1 


9b.  OTHER  REPORT  NO(S)  (Any  other  numb^rt  that  may  ba  as a/gnad 
(hi a  raport) 


12.  SPONSORING  MILITARY  ACTIVITY 

Office  of  Naval  Research 
Department  of  the  Navy 


13  ABSTRACT 


Taking  advantage  of  geometric  considerations,  and  following  previous  studies 
by  Hruska,  tne  authors  give  explicit  expressions  for  the  determination  of  axial 
force,  bending  and  twisting  moments  in  helical  wires,  and  for  axial  force  and 
twisting  moment  in  the  core  of  a  7-wire  strand  subjected  to  axial  and  torsional 
displacements.  The  equations  given  are  linear,  could  be  similarly  developed  for 
strands  of  any  number  of  wires  or  for  strands  subjected  no  large  displacements, 
and  should  be  found  practical  by  designers.  Measurements  on  oversize  epoxy  models 
of  the  strand  show  good  correlation  with  the /theory  and  support  the  observation 
that  axial  load  has  no  effect  on  the  effective  torsional  rigidity  of  the  strand. 
Results  of  experimental  strain  analyses  on  steel  strands  and  on  models  of  strands, 
as  well  as  other  theoretical  studies  on  helices  and  strands,  will  be  published  in 
other  papers. 


FORM 

1  NOV  SB 


1473 


(PAGE  I ) 


UNCLASSIFIED 

Security  Classification 


'N  0 f0 1 •  007. 680  1 


TABLE  OF  CONTENTS 


Page 


ABSTRACT 

INTRODUCTION  .  1 

GEOMETRY  AND  LOADING  OF  THE  STRAND  .  2 

FORCES  IN  A  HELICAL  WIRE  ASSOCIATED  WITH  AXIAL  AND 
TORSIONAL  DISPLACEMENTS  APPLIED  TO  THE  STRAND  .  7 

Axial  Force  in  the  Wire  .  8 

Bending  Moment  in  the  Wire  .  9 

* 

Twisting  Moment  in  the  Wire  . 11 

Contact  Forces  between  Wires  . 12 

FORCES  IN  A  CORE  ASSOCIATED  WITH  AXIAL  OR  TORSIONAL 
DISPLACEMENT  OF  THE  STRAND  . 13 

FORCES  ACTING  ON  THE  STRAND  CORRESPONDING  TO  THE  APPLIED 
DISPLACEMENTS  . 14 

APPLICATIONS  . 16 

Axial  Loading  with  Unrestricted  Ends  . 17 

Torsional  Loading  . 18 

Axial  Loading  with  Restricted  Ends  . 19 

Combined  Torsion  with  Tension  . 20 

EXPERIMENTAL  ANALYSIS  . 21 

ACKNOWLEDGMENTS 


REFERENCES 


RESPONSE  OF  A  STRAND  TO  AXIAL  AND 
TORSIONAL  DISPLACEMENTS 


by 


1/  2/ 

S.  Machida— and  A.  J.  Durelli— ' 


ABSTRACT 

Taking  advantage  of  geometric  considerations,  and  following 
previous  studies  by  Hruska,  the  authors  give  explicit  expressions 
for  the  determination  of  axial  force,  bending  and  twisting  moments 
in  helical  wires,  and  for  axial  force  and  twisting  moment  in  the 
core  of  a  7-wire  strand  subjected  to  axial  and  torsional  displace¬ 
ments.  The  equations  given  are  linear,  could  be  similarly  developed 
for  strands  of  any  number  of  wires  or  for  strands  subjected  to  large 
displacements,  and  should  be  found  practical  by  designers.  Measure¬ 
ments  on  oversize  epoxy  models  of  the  strand  show  good  correlation 
with  the  theory  and  support  the  observation  that  axial  load  has  no 
effect  on  the  effective  torsional  rigidity  of  the  strand.  Results 
of  experimental  strain  analyses  on  steel  strands  and  on  models  of 
strands,  as  well  as  other  theoretical  studies  on  helices  and  strands, 
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RESPONSE  OF  A  STRAND  TO  AXIAL  AND 
TORSIONAL  DISPLACEMENTS 

by 

S.  Machida  and  A.  J.  Durelli 

INTRODUCTION 

The  importance  of  cables  in  almost  all  fields  of  technology  from 
electric  power  transmission  to  ship  towing  and  dentistry,  cannot  be 
overemphasized.  Two  extensive  surveys  of  publications  have  been  pre¬ 
pared,  one  by  Laura  and  Casarella^  and  the  other  by  Parsons  and 
(2) 

Casarella  .  Surprisingly,  few  scientific  investigations  have  been 
conducted  so  far  to  determine  the  load  transfer  and  stress  and  strain 
distribution  in  strands  and  cables.  Simultaneously  with  the  preparation 
of  this  paper,  Chi^’^  prepared  two  reports  in  which  he  extends  the 
previous  work  of  Hruska  (5), (6), (7)  ^  compares  elongations  and  strains 
obtained  theoretically ,  with  some  of  those  obtained  experimentally  by 
the  present  authors  in  a  steel  strand.  The  subject  also  deserved  the 
attention  of  Leissa^  and  of  Starkey  and  Cress^'\  They,  following 
Drucker  and  Tachau^^,  emphasized  the  importance  of  the  contact  loads 
between  wires. 

The  present  paper  is  part  of  a  series  in  which  the  authors  will 
attempt  to  study  the  problem  of  load  transfer  and  stress  and  strain  dis¬ 
tribution  in  strands,  both  theoretically  and  experimentally  from  several 
points  of  view  and  with  the  main  purpose  of  increasing  the  knowledge  that 
may,  in  the  future,  help  designers  to  manufacture  better  cables.  In  one 
of  the  papers  consideration  will  be  given  to  the  stress  and  strain  dis¬ 
tribution  in  a  single  helix,  the  elementary  component  o ;;  the  strand.  In 
other  papers  experimental  stress  analysis  results  on  steel  strands  will 
be  reported.  It  is  believed  that  these  experimental  analyses  are  the 
first  ones  to  be  conducted  on  helices  and  strands.  In  another  paper 
an  attempt  will  be  made  at  the  study  of  vibrations  in  submerged  cables. 


In  the  experimental  work  measurements  are  taken  not  only  on  steel 
strands  (as  received  from  a  manufacturer)  but  also  on  plastic  oversized 
models  of  strands.  This  permits  a  better  understanding  of  the  differences 
between  the  results  of  theoretical  analyses,  and  the  result3  of  experi¬ 
ments  in  strands  and  cables.  An  attempt  is  made  in  the  theoretical  as 
well  as  in  the  experimental  papers  to  present  the  problem  with  graphical 
representations  for  clearer  understanding  of  its  complexity,  and  to 
emphasize  the  frequently  erratic  behavior  of  actual  cables. 

The  theoretical  developments  to  be  presented  in  this  paper  intro¬ 
duce  simplifications  that  make  the  equations  linear  and  therefore  easier 
to  handle  by  designers.  These  equations  are  applied  to  the  case  when 
the  deformations  of  the  strand  are  small,  but  the  reasoning  behind  them 
will  also  permit  the  application  to  the  case  of  large  deformations. 

These  equations  could  also  be  applied  to  the  analysis  of  wire-ropes 

made  of  strands,  considering  each  strand  in  the  wire-rope  analogously  to  the 

situation  of  a  helical  wire,  in  the  strand. 

GEOMETRY  AND  LOADING  OF  THE  STRAND 

Consider  a  simple  strand  geometry  as  the  one  shown  in  Fig.  1  where 
a  straight  core  wire  is  wrapped  around  by  a  layer  of  helical  wires.  The 
number  of  helical  wires  is  six  for  the  most  typical  and  simple  strand, 
which  is  the  one  considered  in  this  paper,  but  the  equations  to  be  given 
in  the  later  part  of  the  paper  can  be  extended  to  the  case  where  a  strand 
has  an  arbitrary  number  of  helical  wires.  Each  helical  wire  is  assum’d 
to  have  a  circular  cross  section  in  a  plane  normal  to  its  axis  (a  helix) 

(Fig.  1),  the  diameter  of  which  is  small  in  comparison  with  the  pitch  of 
the  helix.  It  is  also  assumed  that  each  helical  wire  is  in  contact  with 


the  two  adjacent  wires,  with  the  core,  or  with  botn  core  and  adjacent 
wires. 

A  strand  can  be  loaded  by  three  principal  static  types  of  loadings: 
1)  pulling  (or  axial  loading  of  the  strand),  2)  torsion,  and  3)  bending. 
Besides  these  three  principal  types  of  loadings,  a  strand  could  be 
subjected  to  thermal  loadings,  if  there  are  temperature  gradients  in 
its  environment,  impact  and  vibrations.  In  the  analysis,  torsion 
and  pulling  are  conveniently  associated  and  will  be  treated  together. 
Bending,  (as  produced  when  the  strand  is  wrapped  around  a  drum)  may 
develop  when  the  strand  is  subjected  to  different  levels  of  prestres¬ 
sing  (by  pulling) .  It  may  also  develop  when  the  strand  is  used  as  a 
component  of  a  wire-rope,  and  the  wire-rope  is  subjected  to  axial 
loading  or  torsional  loading. 

The  loadings  considered  in  this  paper  are  axial  tension,  torsion 
and  combined  torsion  with  tension.  These  loadings  cause  elongation 
and  rotation  in  the  strand.  Because  of  geometric  restrictions  the  state 
of  stress  and  strain  associated  with  these  loadings  is  constant  all  the 
way  along  the  axial  line  of  each  helical  wire.  Therefore,  stresses 
and  loads  in  the  strand  can  be  described  by  the  stresses  and  loads  on 
a  single  transverse  cross  section  of  a  helical  wire  and  core. 

In  case  of  bending  of  the  strand,  the  stresses  and  loads  on  the 
transverse  cross  section  change  along  its  axial  line.  This  makes  the 
analysis  more  complicated.  This  problem  is  out  of  the  scope  of  this 
paper  and  would  be  dealt  with  somewhere  else. 

In  the  present  analysis  the  radial  dimensions  of  the  cross  section 
in  the  unloaded  strand  and  its  position  with  respect  to  the  core  are 


assumed  to  remain  constant  under  load;  the  interwire  contact  deforma¬ 
tion  and  Poisson's  effect  due  to  axial  strain  are  neglected.  In  other 
words,  the  axial  lines  of  helical  wire  after  deformation  in  the  strand 
are  assumed  to  remain  on  the  cylindrical  surface  (Fig.  1)  on  which 
they  were  before  deformation  (This  cylinder  will  be  called  "reference 
cylinder"  and  its  radius  will  be  called  R.).  This  assumption  is 
reasonable  because  each  helical  wire  is  restrained  by  the  core  and 
by  its  neighbors.  This  restriction  makes  the  main  difference  in  the 
deformation  characteristic  between  a  free  helical  wire  and  a  helical 
wire  in  a  strand. 

The  deformation  of  a  helical  wire  in  a  strand  will  be  better 
understood  with  the  following  statement:  Consider  material  line 
segments,  say  AB  and  CD  in  a  helical  wire  which  are  the  principal 
normal  and  binormal  to  the  axial  line  (helix)  at  point  0,  respectively 
(Fig.  2) .  After  deformation  these  material  line  segments  are  assumed 
to  displace  in  such  a  way  that  they  still  are  the  principal  normal  and 
binormal  to  the  deformed  axial  line  (A'B'  and  C'D'  in  Fig.  2). 

The  following  is  the  nomenclature  used  in  the  analysis: 

A:  cross  sectional  area  of  wire  (used  with  c  or  h  subscript) 

A  to  D:  coefficients  functions  of  geometry  and  material  properties 
c:  subscript  used  to  identify  the  core 
d:  wire  diameter  (used  with  c  or  h  subscript) 

E:  Young's  modulus 
G:  shear  modulus 
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h:  subscript  used  to  identify  the  helical  wire 
I:  moment  of  inertia  of  the  cross  section  of  helical  wire 
Ipi  polar  moment  of  inertia  of  the  cross  section  of  wire  (used  with 
c  or  h  superscript) 

M:  bending  moment  acting  on  the  helical  wire  in  a  plane  containing 
the  axis  of  helical  wire  and  the  principal  normal  (positive  M  is 
shown  in  Fig.  7) 

axial  tensile  load  applied  to  the  strand 
axial  force  acting  in  the  core 
axial  force  acting  in  the  helical  wire 

resultant  contact  force  acting  on  a  helical  wire  (per  unit  length) 
contact  force  acting  between  core  and  a  helical  wire  (per  unit  length) 
contact  force  acting  between  two  adjacent  helical  wires  (per  unit  length) 
pitch  of  helical  wire 

radius  of  strand  measured  from  the  center  of  strand  to  the  center  of 

helical  wire  (radius  of  reference  cylinder  shown  in  Fig.  1) 

r:  distance  on  the  transverse  cross  section  of  a  wire  from  the  centroid  (Fig.  7) 

s:  arc  length  of  helical  wire 

T:  torsional  load  applied  to  the  strand 

T,  :  twisting  moment  acting  on  the  helical  wire  (positive  T,  is  shown  in 
h  n 

Fig.  7) 

T^:  twisting  moment  acting  on  the  core  (positive  is  shown  in  Fig.  7) 

(■>:  helical  wire  lay  angle  (Fig.  1) 

y:  normalized  rotation  per  original  one  pitch  length  of  the  strand  and 
defined  by  y  =  A/ 2t 
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shear  strain  on  the  transverse  cross  section  of  core  associated  with 
twisting  moment  T  acting  on  the  core 

shear  strain  on  the  transverse  cross  section  of  helical  wire 

associated  with  twisting  moment  T.  acting  on  the  helical  wire 

h 

rotation  per  original  pitch  length  applied  to  the  strand  (positive 
in  winding  rotation)  (in  radians) 

axial  displacement  per  original  pitch  length  applied  to  the  strand 
(positive  in  elongation)  (in  inches) 

axial  displacement  of  the  strand  per  unit  length  and  defined  by 

e  -  6/p 

axial  strain  in  the  core  associated  with  the  axial  force  N£  acting 
in  the  core 

axial  strain  in  the  helical  wire  associated  with  the  axial  force 
acting  in  the  helical  wire 

axial  strain  in  the  helical  wire  associated  with  bending  moment  M 

acting  on  the  helical  wire 

radius  of  twist  of  the  axis  of  helical  wire 

distance  on  the  transverse  cross  section  of  helical  wire  from  its 
neutral  axis  for  bending  (Fig.  7) 

Poisson's  ratio 

radius  of  curvature  of  the  axis  of  helical  wire 

BC 

normal  stress  corresponding  to  e 

z 

sh 

normal  stress  corresponding  to  eg 

tc 

shear  stress  corresponding  to  y 

Zo 

shear  stress  corresponding  to  y^ 

8n 

ities  after  deformation  are  identified  by  prime  symbols  (e.g.  s',  p'. 


S',  etc. 
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FORCES  IN  A  HELICAL  WIRE  ASSOCIATED  WITH  AXIAL  AND  TORSIONAL 
DISPLACEMENTS  APPLIED  TO  THE  STRAND 

Consider  a  segment  of  strand  (length  1,  which  can  be  taken  arbi¬ 
trary)  as  shown  in  Fig.  3.  It  is  assumed  that,  because  of  geometric 
constraints,  whether  the  strand  is  pulled  axially,  or  is  twisted  about 
its  axis,  the  core  can  only  displace  axially,  and  the  wire  can  displace 
axially  as  well  as  rotate  in  contact  with  the  core.  The  deformed  state 

is  shown  by  heavier  lines  in  the  figure.  The  axial  line  of  helical 

wire  EF  (undeformed  helix)  moves  to  another  helix  EF'  (deformed  helix). 
This  deformation  consists  of  two  components:  one  is  a  displacement  in 
the  axial  direction  of  strand.  Call  6  this  displacement  per  pitch 
(positive  in  elongation) .  The  other  component  is  a  rotation  around  the 
axis  of  the  strand.  Call  A  in  radians  this  rotation  per  pitch  (positive 
in  winding  direction) .  The  forces  in  the  helical  wire  associated  with 
the  above  mentioned  deformation  can  be  categorized  into  four  types: 

(1)  axial  force,  (2)  bending  in  the  plane  containing  the  axial  line  of 
the  helical  wire  and  the  principal  normal  of  the  helix,  (3)  twisting 
around  axis  of  helical  wire  and  (4)  contact  force,  the  resultant  force 
of  which  lies  on  the  plane  containing  the  axial  line  of  helical  wire. 

Strains  and  stresses  acting  on  the  cross  section  cf  the  helical 

wire  and  associated  with  each  of  the  above  four  types  of  forces  will  be 

expressed  as  functions  of  6  and  A.  The  strains  and  stresses  will  be  de- 
si : Ibed  in  terms  of  their  components  ir.  the  plane  normal  to  the  axial  line 
of  the  helix.  Cylindrical  coordinates  (r,  0,  s)  will  be  used  (Fig.  1). 
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Axial  Force  in  the  Wire 


The  displacement  of  the  axial  line  segment  from  EF  to  EFT 
(Fig.  3)  requires  a  change  in  the  arc  length.  This  is  associated 
with  an  axial  strain  and  with  an  axial  stress  and  axial  force 
(uniaxial  state  of  stress  in  the  wire  is  assumed) . 

The  axial  strain  can  be  expressed  in  terms  of  6  and  A  as 
follows:  Call  1  the  length  of  undeformed  strand.  The  initial 
length  s  of  the  axial  line  of  a  helical  wire  is  given  by 

s  ■  j  /pz  +  (2irR)z  (1) 


The  final  length  s'  is  given  by 

s'»^  /(p+6)2  +  {(2tt+A)RH  (2) 


If  it  is  assumed  that  the  helical  wire  is  subjected  to  uniform 
axial  stress  distribution,  the  axial  strain  of  helical  wire  is 


ah  s'  -  s 

e  ■ - 

s  s 


/pz+ 


(2ttR)‘ 


/a+i)2  +  (M)2(1+|_)‘.i 


°  cosB  /(l+c)z+(i+y)2tan2e  -  1  (3) 


where  e  *  6/p,  y  *  A/ 2t» 

Assuming  small  deformation,  i.e.  e  &  y  <<1,  and  neglecting  higher 
order  small  quantities : 

ea^  a  e  cos23  +  ysin2B  (4) 

8 
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Thus  the  quantities  related  to  axial  force  acting  in  a  helical 
wire  become: 

■  ecos2B  +  ye in2 6 

0*  ■  E  (ecos2$  +  ysin2e)  (5) 

■  A^E  (ecos2&  +  ysin2S) 


Bending  Moment  in  the  Wire 

The  deformation  of  the  axial  line  of  the  helical  wire  (Fig.  3) 
causes  a  change  in  the  radius  of  curvature  and  this  is  associated 
with  a  bending  moment  in  the  plane  containing  the  helix  and  the 
principal  normal. 

Using  the  Cartesian  coordinates  (X,  Y,  Z),  the  parametric 
expression  of  the  helix  EF  is  given  by 
X  ■  Rcos  cp 

Y  -  Rsiny  (6) 


The  radius  of  curvature  p  can  be  computed  from 


((■ 


dzX 


d2Y- 2  ,  ,d2Z  2  ,d2s  2 


^  .  /W ,  /U  /WO. 

df  >  +  {df>  +  {df}  -  (dr?' 


)  ] 


He  *♦ 

/  © 


(7) 


where  ds  is  a  line  increment  of  the  helix  defined  as 
ds2  -  (dX)2  +  (dY)2  +  (dZ)2 

Using  Eq.  (7)  the  radius  of  curvature  of  the  undeformed  helix  EF  is 


P  ■  R  +  (8) 

The  radius  of  curvature  after  deformation  is  given  by 

»'-R+(f)2|  <») 
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The  deformed  pitch  p'  can  be  expressed  in  terms  of  the  original 
pitch  p,  the  axial  and  rotational  deformations  of  the  strand 


p' 


f +  8>  <&> 


1  +  e 
P  1  +  Y 


In  the  case  »f  the  strand  analyzed  experimentally  (7-wire),  the 
radius  of  curvature  is  large  compared  with  the  diameter  of  the  helical 
wire.  The  angle  $  =  8.5°  and  p  -  50  dh>  Therefore,  the  shift  of  the 
neutral  a'tis  from  the  centroid  of  the  cross  section  is  negligible  and 
th"  elementary  theory  of  bending  can  be  used. 

Using  Eqs.  (8),  (9)  and  (10),  the  following  quantities  related 
to  bending  of  the  helical  wire  can  be  determined  for  a  given  defor¬ 
mation  of  the  strand  (6  and  A,  or  e  and  y) . 


(10) 


bh 

o 

s 


M 


E(£^)n 


El  (*-^> 

PP  ' 


When  strains  are  small  e,  y  <<1,  then: 

p'  -  p  (1  +  e  -  y) 
and  Eq.  (11)  becomes: 

ebb  .  2(e  -  y)  cos28sin28 

S  K 

obh  2E  (e  -  y)  cos28sin28 

S  K 

M  =  2E1  (e  -  y)  cos28sin2B/R 

The  positive  direction  of  the  bending  moment  is  shown  in  Figs.  7  and  8. 


(ID 


(12) 


(13) 
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Twisting  Moment  In  the  Wire 


The  line  segments  Afi  and  CO  embedded  in  *-he  helical  wire  (Fig.  2) 
can  be  considered  as  lines  o£  geometric  reference.  When  moving  along 
the  axial  line  of  the  helical  wire,  these  lines  rotate  around  the  axial 
line.  Call  Aiji  the  angle  of  rotation  resulting  from  travelling  through 
distance  As  along  the  axial  line.  Then  the  quantity 


_1  _  lim  Ai£. 
£  A  ->0  A8 


(14) 


is  the  angle  of  twist,  per  unit  length  of  the  plane  of  geometric  reference 
containing  a  line  segment  such  as  AB  or  CD  (Fig.  4).  It  should  be  noted 
that  this  has  nothing  to  do  with  twisting  strain.  C  in  Eq.  (14)  is 
called  the  radius  of  twist  (or  the  second  radius  of  curvature)  of 
a  spatial  line. 

Denoting  the  original  and  final  values  of  the  radius  of  twist  a3 
C  and  C  respectively,  a  segment  of  helical  wire  s  undergoes  twisting 
deformation  around  its  axis  through  an  angle  which  is  given  by 

V  -  Aiji  -  ^  (15) 

Thus  che  angle  of  twist  per  unit  length  due  to  the  deformation  is 
given  by 


lim  Aip 1  — Ai^  s' 

As+o  As 

Further  computations  can  be  made  by  assuming  that  the  elementary  theory 
of  twist  of  circular  bar  can  be  applied  to  this  problem.  The  radius 
of  twist  £  of  any  spatial  line  is  given  by 


O'  +  <£>?  +  & 


(16) 


(17) 
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where  X,  p  and  X  are  the  direction  cosines  of  the  binormal  at  the  point 
considered.  In  case  of  helix  x,  is  constant  and  is  expressed  as  follows 
Before  deformation:  x,  ■  (®-)  +  R2/  (j|— ) 

4TT  4TT 

(18> 

After  deformation  :  t;'  ■  (£-)  +  R2/  (£— ) 

4  IT  4  IT 

Using  Eqs.  (10),  (16),  (18),  the  following  quantities  related  to  twisting 
of  the  helical  wire  can  be  determined  for  a  given  deformation  of  the 
strand. 


rLzl 
1  «' 


■)r 


G  (- 


a' 


)r 


0Iph  <  V1’ 


(19) 


Assuming  again  small  strain  (e,  Y<<:i),  Eq.  (19)  becomes: 


Y 

T 


th 

S0 

th 

S0 


T 


h 


(Y  ~  e)r 
4R 

G(Y  -  e)r 
4R 

GIp  (Y-£) 

4R 


sin4(3 

■  sin40 

-  sin4g 


(20) 


The  positive  direction  of  the  twisting  moment  is  shown  in  Figs.  7  and  8. 
Contact  Forces  between  Wires 

Contact  problem  is  by  its  nature  non  linear.  The  stress  distribution 
is  complex  at  the  points  of  contact.  But  the  effect  is  considered  local 
and  the  details  of  the  stress  distribution  could  be  determined  theoretically 
using  the  Hertz  solution. 
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If  the  strand  is  well  lubricated, . the  frictional  force  can  be 
neglected  and  the  resultant  force  due  to  contact  is  a  force  directed 
outward  normally  to  the  axial  line  of  the  helical  wire  as  shown  in 


Fig.  5. 


The  resultant  contact  force  per  unit  length,  P,  is 


P  =  2P,  cos6o°  +  P  -  PL  +  P 
h  c  h  c 


From  the  consideration  of  equilibrium  for  a  short  segment  of 
helical  wire  (Fig.  6),  on  which  all  of  the  forces  discussed  in  the 
preceding  sections  are  acting,  the  following  relation  can  be  ob¬ 
tained  with  regard  to  contact  force 

N. 

P  -  *  — 

P  P 


FORCES  IN  A  CORE  ASSOCIATED  WITH  AXIAL  OR  TORSIONAL  DISPLACEMENT  OF 
THE  STRAND 

If  the  core  of  a  strand  is  connected  with  the  surrounding  helical 
wires  at  both  ends  of  the  strand  the  quantities  representing  the  defor¬ 
mation  applied  to  the  strand,  6  and  A,  also  represent  the  deformation 
of  the  core.  Since  a  core  is  a  straight  circular  rod,  estimation  of 
strains,  stresses  and  forces  can  be  made  easily. 

When  there  is  contact  between  core  and  helical  wires  the  core 
will  act  as  a  simple  bar  in  tension  and  torsion  with  the  addition  of 
some  loading  due  to  6  lines  of  spiral  contact  from  helical  wires.  This 
suggests  that  the  deformed  cross  section  of  the  core  may  not  remain 
plane,  but  may  be  warpt.  This  effect  could  be  neglected  for  the  first 
approximation  since  it  is  considered  that  the  localized  radial  forces 


due  to  contact  would  have  small  contribution  to  overall  deformation  of 


the  core. 

The  axial  deformation  6  of  the  strand  produces  an  average  axial 

strain  —  («e)  in  the  core.  The  rotational  deformation  A  of  the 
P 

strand  results  in  a  twisting  deformation  per  unit  length  j  (-^")  of 
the  core.  Therefore  the  core  is  subjected  to  axial  force  and  twisting 
moment. 

Strains,  stresses  and  forces  expressed  in  terms  of  e  and  y  are: 


ac 

e 

z 


ac 

o 

z 


«  e 

-  Ee 


N  =  A  Ee 
c  c 


tc 

T 

7. 


T 

c 


2TrGiTr 

m - 

p 


2iry 

P 


FORCES  ACTING  ON  THE  STRAND  CORRESPONDING  TO  THE  APPLIED  DISPLACEMENTS 


From  the  preceding  considerations,  it  follows  that  each  helical 
wire  is  subjected  to  1)  axial  load,  2)  bending  moment  in  a  plane  con¬ 
taining  the  axial  line  and  principal  normal,  3)  twisting  moment  around 
'he  axial  line.  The  core  is  subjected  to  1)  axial  load  and  2)  twisting 
moment .  The  stress  and  strain  distribution  associated  with  these  types 
•'f  loading  can  be  obtained  approximately  by  the  theory  of  strength  of 
materials.  Main  results  are  summarized  in  Fig.  7. 


Resultant  forces  on  the  strand  cross  section  can  easily  be  expressed 
in  terms  of  forces  acting  on  the  cress  sections  of  each  of  the  seven 
wires.  This  is  done  in  Fig.  8  and  the  following  relations  between  in¬ 
ternal  forces  and  external  forces  are  obtained  from  consideration  on 


equilibtium: 

^  External  axial  force 

of  the  strand 


N  -  N  +  6N.  cosB ' 
c  h 


(24) 


External  torque 
of  the  strand 


T 


T  +  6  (r  cosB'  -  M  sinB'  +  N,R  sing')  (25) 
c  n  n 


where  8'  is  lay  angle  of  helical  wire  after  deformation  and  is  expressed 
in  terms  of  e  and  y  as  follows: 

8’  *  tan  1  (^-  tanB)  (26) 

From  the  assumption  of  small  deformation,  we  can  put 


3'  »  8 


(27) 


The  approximation  of  Eq.  (27)  reduces  Eqs.  (24)  and  (25)  to  much  more 
simple  forms  which  are  linear  functions  of  e  and  y. 

Using  Eqs.  (5),  (13),  (20),  (23)  am'  Eqs.  (24)  and  (25)  can 

be  expressed  in  terms  of  e  and  '  as  fo 


N  -  A  e  +  B  y  (28) 

T  -  C  e  +  D  y  (29) 


where  A,  B,  C  and  D  are  constants  determined  by  the  geometry  of  the 
strand  and  the  elastic  constants  of  the  strand  material,  and  are  given 
by 
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A  -  A£E  +  6A^E  cos 3 ^ 


B 

C 

D 


6V 

6AhRE 


sin23  cos43 

h 

sinS  cos2 3  -  3GIP  8in43  C083  .  12EI  cos26  sin3$ 
2R  5 


6AhRE  8ln36  +  El  ^.8  +  im  co^  sl„3g  +  2jJl| 


(30) 


From  Eq.  (28)  and  (29),  we  have 


D  B 

r  m  .  N  —  -  T 

AD-CB  n  AD-CB 


Y  - - - —  N  4  — - —  x 

T  AD-CB  w  AD-CB 


(31) 


Substituting  Eq.  (31)  into  (5),  (13),  (20),  (23)  and  (24),  strains, 
stresses,  forces  and  moments  acting  in  the  helical  wires  and  the  core 
can  be  expressed  in  terms  of  the  external  axial  force  N  and  torque  T 
which  can  be  treated  as  applied  force  and  applied  torque  for  the 
strand. 

APPLICATIONS 

Using  the  equations  developed  in  the  preceding  sections,  the  re¬ 
sponse  of  the  strand  to  an  applied  load  will  be  given  in  what  follows, 
as  a  function  of  that  load.  Since  the  equations  in  the  previous  chapter 
are  all  expressed  in  linear  and  explicit  form,  the  procedure  of  computa¬ 
tions  is  easy. 
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Axial  Loading  with  Unrestricted  Ends  (Simple  Tension  of  Strand) 
In  this  case  since  no  torque  is  applied  to  the  strand, 


(32) 


(33) 


(34) 


T  -  0 

Then,  recalling  Eq.  (29) 

C 

Y  "  "D  e 

Since  approximately  it  can  be  stated  that  for  the  7-wire  strand: 

d.  *  d  and  R  -  i  d.  +  4  d 
n  c  2  h  2  c 

Then  C/D  from  Eq.  (30)  is  given  by 

C  =  48  (1-Ki)  cos2fr  sintf  (8-sin28)  -  3  sin4g  cosB 

D  4  tan  6  +  3  sin48  cosS  +  48(l+v)  sin^cos^B  +8)  (35) 

Equation  (33)  determines  y  or  unwinding  motion  of  strand  for  a  given 
value  of  e  or  elongation  of  strand. 

Forces  and  moments  can  be  expressed  in  terms  of  the  applied  force 
N  as  follows: 

Axial  force  in  the  core 


N  -  A  E 


c  c  AD-C3 


N 


(36) 


Twisting  moment  in  the  core 
,c 


27tGI 


p  AD-CB 


N 


(37) 


Axial  force  in  the  helical  wire 


N  „  a  E  Dcos2e  -  Csin2B 
Nh  Ahfc  AD-CB  N 


(38) 


Bending  moment  fn  the  helical  wire 

„  2EI  cos20sin2B  C-H)  „ 

M - -  N 


(39) 


Twisting  moment  in  the  helical  wire 


T  JZL 

h  4R  AB-CB 


(40) 


The  effective  tensile  rigidity  of  the  strand  defined  by  N/e 
is  given  by 

N  _  AD-BC 
e  "  D 

From  Eq.  (33),  the  unwinding  motion  of  the  strand  due  to  the  applied 
N  is  given  by 


A 


2itC 

AD-CB 


N 


Torsional  Loading 

In  this  case,  since  no  axial  force  is  applied: 
N  -  0 


From  Eq.  (28) 

e 


B 

A 


y 


<A1) 


(A2) 


(h3) 

(AA) 


If  the  same  approximations  of  Eq.  (3A)  are  made,  B/A  is  given  by 
m  6  sin28cos8 

A  "  1  +  6  cosd8  (45) 

Equation  (44)  means  that  the  strand  should  contract  when  winding 
torque  is  applied. 

The  torsional  loading  considered  here  refers  to  "winding"  of  the 
strand  only.  Unwinding  causes  separation  between  wires  and  thus  change 
in  radial  dimensions  of  the  cross  section  of  the  strand. 

Forces  and  moments  in  the  core  and  the  helical  wires  associated  . 
with  winding  torque  T  applied  to  the  strand  are: 


Axial  force  in  the  core 

N  -  -  A  E  -Tjr— T7T-  T 
c  c  AD-CB 


Twisting  moment  in  the  core 
2ttGIC 


T  -  — 
c  P 


AD-CB 


(A6) 


(A7) 
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Axial  force  in  the  helical  wire 

\  ‘  V  — » 

Bending  moment  in  the  helical  wire 

2EI  cob2 fl sin2 6  A  +  B 
R  AD-CB 

Twisting  moment  in  the  helical  wire 


m 


(49) 


GI“  sin46 

T  .  P  A  +  B 

h  4R  AD-CB 


The  effective  torsional  rigidity  of  the  strand  defined  by 


T/— ,  is  given  by 


T/ 


A  _  AD-BC  £ 

A  2it 


Axial  Loading  with  Restricted  Ends  (Tension  combined  with 
Restricting  Torque) 

In  this  case  since  unwinding  motion  is  restricted. 

A  »  o  or  y  =  o 

For  a  given  elongation  of  strand  c,  the  axial  tensile  load  N  and 
torque  T  required  from  the  support  to  restrict  unwinding  of  strand 
are  from  Eqs.  (28)  and  (29) 

N  «  A  e 

T  «  C  t  *  7  N 
A 

In  this  case  the  applied  torque  is  linearly  related  to  the  applied 
tension . 

Forces  and  moments  in  the  core  and  the  helical  wires  expressed 
in  terms  of  applied  axial  load  N  are 


(50) 


(51) 


(52) 


(53) 

(54) 


-  19  - 


Axial  force  in  the  core 


N  ■  A  E  7  N 
c  c  A 


Twisting  moment  in  the  core 


T  ■  o 
c 

Axial  force  in  the  helical  wire 


h-V*?' 


Bending  moment  in  the  helical  wire 


2EI  cos20sin2e  1  „ 

M - -  _N 


Twisting  moment  in  the  helical  wire 


GI  sin4B 


The  effective  tensile  rigidity  of  the  strand  with  the  ends 
restrained  is  given  by 

N/e  -  A 

Combined  torsion  with  tension 

The  point  of  Interest  in  this  case  is  whether  the  axial  tensile 
load  has  an  effect  on  the  effective  torsional  rigidity.  This  can  be 
discussed  on  the  basis  of  foregoing  considerations. 

For  a  given  axial  load  N,  we  have  from  Eq.  (28) 

N  -  Ae  +  By 

Then  (29)  can  be  written  as 

T-M  +  AIMJC 
A  A 


C.N  ,AD-BC*  A 
T  +  {  A  '  2? 
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i  —  -MrttrtL  r 1 1 •' li  frr" 


i  .  /AD^C)  £_ 

S/p  V  A  ;  2ti  (66) 

which  is  the  same  as  the  case  of  torsion  without  axial  load  Eq.  (51) 

In  other  words,  the  axial  load  has  no  effect  on  the  effective 
torsional  rigidity  of  strand  when  the  deformation  of  strand  remains 
small . 

EXPERIMENTAL  ANALYSIS 

An  oversized  epoxy  model  of  a  7-wire  strand  was  prepared  and 
measurements  of  displacements  were  taken  in  the  four  cases  of  loading 
described  in  the  previous  section. 
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The  dimensions  of  the  model  were:  diameter  of  the  core:  d  ■  0.53  in., 

c 

diameter  of  the  helical  wire:  ■  0.53  in.  (  ■  dc),  pitch:  p  ■  22  in., 

lay  angle:  6  =  8®  36',  length  of  the  strand  (between  sockets):  24.5  in., 

•v 

overall  length  of  the  model  (Including  sockets):  33.5  in. 

The  material  properties  of  the  model  were:  E  -  5.1  x  10'’  psi 

v  ■  0.35 

The  set-up  for  the  axial  tensile  loading  is  shown  in  Fig.  9.  Elonga¬ 
tions  and  rotations  between  sockets  were  measured  with  dial  gages  and 
protractors.  The  figure  shows  also  a  Huggenberger  extensometer  used  to 
determine  strains.  Results  obtained  from  the  extensometer,  as  well  as 
those  obtained  from  brittle  coatings,  electrical  strain  gages  and  three- 
dimensional  photoelasticity  will  be  reported  in  another  paper. 

Measured  elongation  and  rotations  associated  with  axial  loading 
are  shown  in  Figs.  10  and  11.  They  compared  well  with  those  computed 
from  Eqs.  (41),  (42)  and  (60).  The  maximum  deviation  is  about  6X. 

Figure  11  shows  N  vs.  T  for  the  case  of  restricted  ends.  The 
torque  was  estimated  from  the  measured  unwinding  angle  in  the  case  of 
simple  tension  with  free  ends  and  the  measured  torque  vs.  angle  of 
twist  in  the  case  of  corsional  loading.  The  results  compare  well  with 
those  of  Eq.  (54). 

Figure  12  shows  the  measured  angle  of  twist  per  unit  length  of 
strand  subjected  to  axial  load  when  torque  is  applied  to  the  strand. 

All  the  measurements  fall  with  small  scatter  on  the  theoretical  predic¬ 
tion  of  Eq.  (51)  and  (66)  proving  the  validity  of  the  conclusions  obtained 


theoretically. 
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PLANE  OF  GEOMETRIC  REFERENCE  IN  HELICAL  WIRE  FOR 
CONSIDERATION  OF  TWISTING  DEFORMATION 


Helical  wire 
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due  to  contact  between  two 
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P  •  Contact  force!  per  unit  length  ) 
due  to  contact  between  helical 
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FIG.  5  RESULTANT  CONTACT  FORCE  IN  THE  TRANSVERSE  CROSS-SECTION 
OF  HELICAL  WIRE 
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FIG.  6  EQUILIBRIUM  OF  FORCE  IN  AN  ELEMENT  OF  A  HELICAL  WIRE 
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FIG.  II  TORQUE  DEVELOPED  IN  A  STRAND  WITH  RESTRICTED  ENDS 
WHEN  SUBJECTED  TO  AXIAL  LOADING 
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